Abstract. Let P : · · · → C 2 → C 1 → P 1 be a Zp-cover of the projective line over a finite field of cardinality q and characteristic p which ramifies at exactly one rational point. We study the q-adic valuations of the reciprocal roots in Cp of L-functions associated to characters of the Galois group of P. We show that for all covers P such that the genus of Cn is a quadratic polynomial in p n for n large, the valuations of these reciprocal roots are uniformly distributed in the interval [0, 1]. Furthermore, we show that for a large class of such covers P, the valuations of the reciprocal roots in fact form a finite union of arithmetic progressions.
Introduction
Let k = F q be a finite field of cardinality q = p a with p prime. Let C 0 = P 1 k be the projective line over k. Let P : · · · → C 2 → C 1 → C 0 be a Z p -cover of smooth projective geometrically irreducible curves over k. This means that Gal(C i /C 0 ) ∼ = Z/p i Z. We identify Gal(P/C 0 ) with Z p . In this paper we always assume that the tower is totally ramified at one rational point, and is unramified at other points. Without loss of generality, we assume this point to be ∞. By |P (1 − α χ,i s), where α χ,i ∈ Z p . We let v q be the valuation on C p normalized by v q (q) = 1. By the Weil conjectures, one has 0 ≤ v q (α χ,i ) ≤ 1 and the leading term of L(χ, s) has q-adic valuation deg(L(χ, s))/2 (by the functional equation the α χ,i come in pairs which multiply to q; [Bo66, Theorem A]). We would like to understand the distribution of the v q (α χ,i ) in the interval [0, 1] . The multiset of all v q (α χ,i ) consists of precisely the slopes of the q-adic Newton polygon of the polynomial L(χ, s). Given two characters χ, χ ′ with m χ = m χ ′ , the multiset of all v q (α χ,i ) is equal to the multiset of all v q (α χ ′ ,i ) by Galois theory.
We say that P is genus stable if the genus g(C n ) of C n is quadratic in p n for n large enough. In general g(C n ) ≥ h(p n ) for some quadratic polynomial h(−) for n large enough. In fact, for any function h : Z ≥1 → R, there exists a Z p -cover P with g(C n ) ≥ h(n) for n ≥ 1. In other words, the genus of C n can grow arbitrarily fast. If P is not genus stable, not much is currently known on the behavior of the v q (α χ,i ). On the other hand, one can show that P is genus stable if and only if deg(L(χ, s)) is a linear polynomial in p mχ for large enough m χ (see [KW16, Proposition 5 .5] for a proof and further discussions).
We say that the tower P is slope uniform if the following holds: For every interval where the limit is over any finite non-trivial character χ of conductor p mχ . Intuitively, slope uniformity means that the q-adic valuations of the α χ,i for a character χ with conductor p mχ approach a uniform distribution on [0, 1] when m χ goes to infinity. Our first main result is the following, which follows from Theorem 7.1.
Theorem A. Assume that P is genus stable. Then P is slope uniform.
We say that P is slope stable if there exists an integer m ′ ∈ Z ≥1 such that the following holds. Let χ 0 be a character with m χ0 = m ′ . Then for every character χ with m χ ≥ m ′ the multiset {v q (α χ,i ) : i = 1, 2, . . . , deg(L(χ, s))} is equal to the multiset
In the literature (see [DW16] for example), slope stable is commonly described as forming a finite union of arithmetic progressions. In the rest of the paper we write m ′ -slope stable when we want to emphasize m ′ .
We observe that slope stable implies genus stable. Indeed, if P is slope stable, then for m χ ≥ m χ0 the degree deg(L(χ, s)) = (deg L(χ 0 , s) + 1)p mχ−mχ 0 − 1 is a linear polynomial in p mχ , and as discussed above, this means that P is genus stable. Any Z p -cover P can be explicitly given by f 0 , f 1 , . . . , ∈ F q [X] with p ∤ deg(f i ) using Witt-vector equations and Artin-Schreier-Witt theory (see Section 3 for details). The cover P is genus stable if and only if δ = δ(P) = max
exists (see Section 3). In that case, one has deg(f i ) ≤ δp i for all i. Our second major result is the following.
Theorem B. Fix δ ∈ Q >0 . There is a constant C = C(δ, q) ∈ R ≥0 such that for any P genus stable with δ = δ(P) and deg(f i ) ≤ δp i − C for all i large enough, P is slope stable.
The proof of Theorem B can be found in Section 8. Our C in Theorem B is explicit and quite small (see Remark 8.6). We do not know whether genus stability is equivalent to slope stability, in other words, whether we can take C = 0 in Theorem B.
As an intermediate result, we also study how much the L-functions depend on the defining equations, the f i , of the Z p -cover. We prove that many coefficients of the f i do not influence the Newton polygon of the various L-functions (Theorem 8.4).
We will now discuss what new methods are used in this paper for studying Lfunctions of Z p -towers. First of all we recall a bit of the history of development in this area. Liu and Wan (in [LW09] 
The authors of [DW16] bounded the T -adic Newton polygon L(T, s) by applying the lower and upper bound of L(χ, s) for m χ = 1. In [Li15] X. Li improves [LW09] by taking into account both the p-adic and T -adic valuation of coefficients of L(T, s). These techniques do not apply to the study of genus stable Z p -covers.
Instead working with T -adic and p-adic valuation, we introduce a deformation of L(T, s) (and subsequently of L(χ, s)) in Section 4. We will call it the π-adic L-function L(π, s) whose coefficients lie in a power series ring R in infinitely many variables (see Section 4 and also Remark 4.5). The new function L(π, s) behaves much better than L(T, s) since it incorporates special p-adic properties of elements of p-th power order in C * p . Furthermore, we work with a topology on the base ring that reflects the structure of L-functions more intimately.
Finally we state below some open problems regarding Z p -covers of a curve over a finite field in characteristic p. Problem 1. Is genus stability equivalent to slope stability? Problem 2. Let P be a non genus stable cover. Note that P is not slope stable. Is P slope uniform? It might be possible to apply our techniques when the genus of C n is bounded above by a quadratic polynomial in p n ('almost genus stable'). Almost genus stability is equivalent to saying that the set {deg(f i )/p i : i = 0, 1, . . .} has a supremum. It seems that our theory has no handle on other cases.
Problem 3. Set K = k(X). There are various constructions in algebraic geometry, for example throughétale cohomology, which give rise to continuous Galois
For p = 2, one has Z * p ∼ = Z/2Z×Z p , and for p > 2, one has Z * p ∼ = F * p ×Z p . Hence such representations give rise to continuous homomorphisms Gal(K sep /K) → Z p , which if non-trivial, correspond to Z p -covers of P 1 k . Are these Z p -covers genus stable, slope uniform, or slope stable? It seems to be true in certain cases (see [KM16] ).
Problem 4. Set K = k(X). Let P be a Z p -cover given by f ∈ W (K) as in Section 3. Then for c ∈ Z * q , one can consider the 'twisted' Z p -cover given by cf . Let χ be a non-trivial character of finite order. Are the q-adic Newton polygons of L f (χ, s) and L cf (χ, s) the same? A Witt-vector computation shows that this problem is related to the following problem. Consider the Witt-vector equation that defines the Z p b -cover of P Problem 5. Find and implement an efficient algorithm for computing L(χ, s) or the q-adic Newton polygon of L(χ, s) for a Z p -cover and a finite non-trivial character χ.
Problem 6. Let P be a Z p -cover. What can one say about the complex numbers α χ,i when m χ → ∞? One can write α χ,i = q 1/2 e 2πiθχ,i with θ χ,i ∈ R/Z for i = 1, . . . , deg(L(χ, s)). Is the multiset {θ χ,i : i = 1, . . . , deg(L(χ, s))} uniformly distributed in R/Z when m χ → ∞? this topic, for his suggestions and for his interesting problems and conjectures. We would also like to thank the referee for his or her detailed comments and suggestions.
Artin-Hasse exponential
Define the Artin-Hasse exponential by the formal power series
where Z (p) is the localization of Z at the prime p. Let S be either
Lemma 2.1. For i ∈ Z ≥1 the map
is a bijection, such that E(sT
Proof. One easily sees that the maps are defined. Let
]. For i = j, the statement holds. Assume that the statement holds for j. Then there is
The first result follows. The proof of the second result is easy.
by Lemma 2.1 as follows:
On the other hand,
Below we shall study v p (π i (x)) via this equality.
where ζ p n is a primitive p n -th root of unity. Then one has
for 0 ≤ i < n and π i (x) = 0 for i ≥ n.
Furthermore, if we write
Proof. The following diagram commutes, where the vertical maps are the natural mod p projections:
Hence we find
. The result follows.
For the second result, note that the p-adic valuation of p i j goes to infinity if i goes to infinity and j is fixed. The result then follows by studying the map
and the expansion of (1 + T ) p i , and applying Lemma 2.1.
Genus stable Z p -covers
Let k = F q be a finite field of cardinality q = p a . By F q i we denote the extension of F q of degree i in a fixed algebraic closure of F q . We let Z q be the ring of integers of the unramified extension of Q p with residue field F q . Let K = k(X), the function field of P 1 k . We are interested in studying Z p -covers of P 1 k . Such a cover is also called an Artin-Schreier-Witt cover. We restrict to Z p -covers which ramify only at ∞, and which are totally ramified at ∞. By W (K) we denote the p-typical Witt-vectors of K. See [KW16] and [DW16] for more background material of this section. We use the symbol [ ] to represent the Teichmüller map. Such a tower, together with an isomorphism of the Galois group with Z p , can be given (almost uniquely) by [KW16] ). We identify the Galois group of P and Z p by the following isomorphism:
where x ′ ∈ k is any representative of x. The conductor of C m ′ → C 0 from class field theory satisfies ([KW16, Proposition 4.14])
We can represent f in another way. There are unique polynomials For the rest of the paper we assume that we are given a genus stable Z p -cover P of P
Extrapolating L-functions
4.1. The π-adic valuation. Suppose we are given a genus stable Z p -cover P with δ(P) = δ and defining coefficients a ij where (i, j) lies in
. Consider the formal power series ring
We will put a valuation on this ring, similar to the valuation on the ring For each u ∈ U we set
Any r ∈ R can now be written in the form r = u∈U a u π u where a u ∈ Z p . For such r = 0 we set
We set v(0) = ∞. Note that v(π (i,j) ) = j δ and v(r) = 0 for r ∈ Z p \ {0}. Proposition 4.1. The ring R is a domain. We can extend v to the quotient field Q(R) of R by
Then (Q(R), v) is a discrete valued field, that is, for r, s ∈ Q(R) one has
Furthermore, let R ′′ = {x ∈ Q(R) : v(x) ≥ 0} be the discrete valuation ring of v. Then R R ′′ and R is complete with respect to v. By definition, we have R ⊆ R ′′ . Note that
easily sees that R is complete with respect to v.
One has
We will now prove a lower bound on ∆ (i,j) .
Lemma 4.2. Let x ∈ X. Then one has ∆ x ≥ 0 with ∆ x = 0 if and only if
Proof. This follows easily from the definition of X.
Recall π i (T ) are power series with E(π i (T )) = (1 + T ) p
i . We will now define two ring morphisms.
First we have the following (continuous) Z p -algebra morphism:
Secondly, let χ : Z p → C * p be a continuous group homomorphism. Set π χ := χ(1) − 1 and assume v p (π χ ) > 0. We then define the following (continuous) Z palgebra morphism
4.2. The π-adic L-function. For a given genus stable cover P over F q with δ and coefficients (a ij ) (i,j)∈X , we introduce our π-adic L-and C-functions with coefficients in R, which are deformations of classical p-adic and T -adic L-and C-functions, respectively. Recall that [ ] denotes the Teichmüller map.
For k ∈ Z ≥1 we define the π-adic exponential sum:
Definition 4.3. We define the π-adic L-functions of our Z p -cover by
We define the π-adic characteristic function by
We extend ev T to a ring homomorphism
] by using ev T coefficient wise. Similarly, if χ : Z p → C * p is a continuous character with v p (π χ ) > 0, then we extend ev χ to ev χ :
The classical L-function is given by 
Remark 4.5. We shall mainly focus on two types of Newton polygons in this paper.
we define its π-adic Newton polygon to be the lower convex hull of {(i, v(b i )) : i = 0, 1, . . .}.
Secondly, let χ : Z p → C * p a finite non-trivial character. Recall that v πχ is the valuation on C p with v πχ (π χ ) = 1. For
we define its π χ -adic Newton polygon to be the lower convex hull of {(i, v πχ (b i )) : i = 0, 1, . . .}.
Dwork's theory
We prove π-adic Hodge lower bound for the C-and L-functions defined in previous section. For convenience of the reader, this section is largely self-contained. Most arguments here are similar to that of [LW09] .
Retain
, with a similarly defined valuation v. Let
This B is a π-adic Banach R ′ -module. The set Γ = {X i : i ∈ Z ≥0 } is a basis of B as Banach R ′ -module. For any integer n ≥ 1, we write µ n = {x ∈ C p : x n = 1}.
Lemma 5.1 (Commutativity). Let E(−) be the Artin-Hasse exponential function and let T be a variable, then we have the following commutative diagram
Proof. For x ∈ µ q−1 one has
Recall our genus stable Z p -cover P with its defining data: for each (i, j) ∈ X,
Then we can write
In particular E f (X) ∈ B. Proof. The first statement follows from definition v(π (i,k) ) = k δ and direct computation: the reason is that π (i,j) is always coupled with X j in the definition of E f (i,j) . The second statement follows from the first.
Lemma 5.3 (Dwork's splitting lemma). For any x ∈ F q k one has
Proof. For (i, j) ∈ X on has by Lemma 5.1:
If one takes the product over all (i, j) ∈ X, the result follows.
Let G = Gal(Q q /Q p ) = σ where σ is the Frobenius element. The group G acts on a power series in R ′ via the coefficient ring Z q and trivially on all π x 's. Its action on R ′ extends to B by acting trivially on X. Let ψ p be the R ′ -linear operator
Any b ∈ B induces a linear operator from B to B by the multiplication by b map, which we denote just by b. Then define the Dwork operator ψ on B by
where E f (X) is the multiplication by E f (X) map. This operator is R-linear, but generally not R ′ -linear. For r(X), s(X) ∈ B one has r(X)
In particular, we see that ψ a is R ′ -linear and satisfies
Recall that Γ = {X i : i ∈ Z ≥0 } is a basis of B as Banach R ′ -module. Set β i = 0 for i < 0.
Lemma 5.4. Write
. On the other hand we have
Theorem 5.5 (Dwork's trace formula). For any positive integer k one has
Proof. Consider the linear map ψ ak . Write
Lemma 5.3 then gives
Corollary 5.6 (Analytic trace formula). One has
Proof. This follows from Theorem 5.5 and the identity
This identity holds since ψ a is a nuclear operator by Lemma 5.4.
Finally we can prove a lower bound on the π-adic Newton polygon of C * (π, s).
Proposition 5.7 (Hodge lower bound). The π-adic Newton polygon of C * (π, s) lies above the polygon whose slopes are 0,
that is, above the polygon with vertices (k,
) (for k = 0, 1, 2, . . .).
Proof. By Corollary 5.6 and some standard properties of matrices one obtains
This implies that the π-adic Newton polygon of C * (π, s a ) is equal to the Newton polygon of det(I − sψ|B/R). From the estimate in Lemma 5.4 for k = 1, it is a standard computation to show that the π-adic Newton polygon of det(I − sψ|B/R) has lower bound (ak,
) for k = 0, 1, . . . . We dilate this result to obtain the lower bound for the Newton polygon of C * (π, s).
6. Upper and lower bounds on C * (π, s) and C * (χ, s)
In this section, we will give upper and lower bounds on the π-adic Newton polygon of C * (π, s) and the π χ -adic Newton polygon of C * (χ, s). Recall that δ = d m /p m for some fixed m.
Lemma 6.1. Let r ∈ R. For any non-trivial finite character χ :
If v πχ (ev χ (r)) = v(r) for a finite non-trivial character χ with m χ > m, then one has v π χ ′ (ev χ (r)) = v(r) for any finite character χ ′ with m χ ′ > m.
Proof. We will first show that for r ∈ R one has v πχ (ev χ (r)) ≥ v(r). By Lemma 2.2 and Lemma 4.2 one has
The result easily generalizes to any r ∈ R by the definition of v.
We will now prove the second statement. The result follows easily when r ∈ Z p . Recall that δ = d m /p m . We make the following claim, from which one easily deduces the result. Claim: For r ∈ R \ Z p one has v πχ (ev χ (r)) = v(r) if the following both hold:
• m χ > m;
• r = c · π e (m,dm) + (other terms) with c ∈ Z * p and e ∈ Z ≥0 such that v(r) = v(π e (m,dm) ). Recall that for (i, j) ∈ X one has:
One then finds for any nonzero r = u∈U c u π u in R:
≥min{v(π u ) : u ∈ U, c u = 0} = v(r).
We will now check when equality holds. The last equality holds if and only if there is a u ′ with c u ′ = 0 with v(π 
Proof. The π-adic Newton polygon, by the Hodge bound of Proposition 5.7, lies over the polygon with vertices at (k, , s) ). The π χ -adic Newton polygon C * (χ, s) lies above the π-adic one by Lemma 6.1 because for each
This finishes the proof of the lower bound in both cases.
Let χ 0 is a character with m χ0 = m + 1. By the Weil conjectures,
always has the following two endpoint vertices (0, 0) and (d m − 1,
and that (1 − χ 0 (Tr Zq/Zp (f (0))s) just contributes a segment of slope 0. Write
for i = 0, 1, . . ., in strictly increasing order as i increases. This implies that for any k ≡ 0 mod d m we have fixed vertices: x = k and
That is (x, y) = (k,
). A similar argument yields vertices at (x, y) = (k,
This proves the upper bound for the π χ0 -adic Newton polygon of L(χ 0 , s). By Lemma 6.1 one has v πχ 0 (ev χ (b k )) ≥ v(b k ), and hence the same upper bounds hold for the π-adic Newton polygon of C * (π, s). By the shape of the upper and lower bound one sees that the points (k,
) for k ≡ 0, 1 mod d m are vertex points of the π-adic Newton polygon of C * (π, s) and of the π χ0 -adic Newton polygon of C * (χ 0 , s). Hence for such k we have
By Lemma 6.1 this equality holds when χ 0 is replaced by any χ with m χ > m. This gives the desired upper bound on the π χ -adic Newton polygon of C * (χ, s).
Slope uniformity
We shall now translate the results about C * (χ, s) to L(χ, s) to the proof of Theorem A in this section. We obtain the following theorem (we follow the formulation of [RW16, Theorem 1.1]).
We have the following. iii. The q-adic Newton polygon of L f (χ, s) has slopes (in multiset notation and in increasing order) If we compare these with the obtained upper and lower bound in Proposition 6.2 and one normalizes properly, one obtains the result.
As these slopes are independent of the characters, this gives slopes for χ = χ 0 , one hence obtains the slope stability.
Given a genus stable Z p -cover P with δ, set
Lemma 8.2. The upper and lower bounds from Proposition 6.2 for the π-adic Newton polygon of C * (π, s) differ by at most W . Also, for a finite character χ : Z p → C * p with m χ > m, the upper and lower bounds for the π χ -adic Newton polygon of C * (χ, s) from Proposition 6.2 differ by at most W .
Proof. We omit the proof here as it is almost identical to that of [DW16, Lemma 3.7].
Proposition 8.3. Let N ∈ Z ≥1 . Suppose a genus stable Z p -cover P has f i = 0 for all i > N , then P is m ′ -slope stable for m ′ = 1 + ⌈log p ( for some g i,j ∈ Z p . Notice that g i,j is independent of χ for all t i ≤ j < t i + W . Let j * be the minimal of all j < t i + W such that g i,j ∈ Z * p . Assume first that j * exists. Notice that j * does not depend on χ. For t i ≤ j < j * we have v πχ (g i,j π j χ ) ≥ t i + v πχ (p) > t i + W > j * by hypothesis and we find v πχ (ev χ (b i )) = j * . If such j * does not exist, we have v πχ (ev χ (b i )) ≥ t i + v πχ (p) > t i + W , which lies above our upper bound of the Newton polygon in Proposition 6.2 and Lemma 8.2. Hence such b i 's do not affect our Newton polygon. This shows that the Newton polygon of C * (χ, s) is independent of χ.
We will now study how much the Newton polygon of C * (χ, s) depends on the coefficients a ij that defines the Z p -cover P.
